LAUMON'S RESOLUTION OF DRINFELD'S 
COMPACTIFICATION IS SMALL 



ALEXANDER KUZNETSOV 



Let C be a smooth projective curve of genus 0. Let B be the variety of complete 
flags in an n-dimensional vector space V. Given an (n — l)-tuple a of positive 
integers one can consider the space Q a of algebraic maps of degree a from C to 
B. This space has drawn much attention recently in connection with Quantum 
Cohomolo gy (s ee e.g. Giv], Konj ) . The space Q a is smooth but not compact 



(see e.g. |Kon|). The problem of compactification of Q a proved very important 
One compactification was constructed in loc. cit. (the space of stable maps) 



Another compactification (the space of quasiflags), was constructed in |Lau 
However, historically the first and most economical compactification (the space 
of quasimaps) was constructed by Drinfeld (early 80-s, unpublished). The latter 
compactification is singular, while the former ones are smooth. Drinfeld has con- 
jectured that the natural map ir : — > is a small resolution of singularities. 
In the present note we prove this conjecture after the necessary recollections. In 
fact, the proof gives some additional information about the fibers of tt. It appears 
that every fiber has a cell decomposition, i.e. roughly speaking, is a disjoint union 
of affine spaces. This permits to compute not only the stalks of IC sheaf on 
but, moreover, the Hodge structure in these stalks. Namely, the Hodge structure is 
a pure Tate one, and the generating function for the IC stalks is just the Lusztig's 



g-analogue of Kostant's partition function (see [Lue]). 

In conclusion, let us mention that the Drinfeld compactifications are defined for 
the space of maps into flag manifolds of arbitrary semisimple group, and we plan 
to study their small resolutions in a paper to follow. 

I am very grateful to M. Finkelberg for very useful discussions and permanent 
attention. I would like to thank D. Gaitsgory who has explained to me the statement 
of Drinfcld's conjecture. 

1. The space of maps into flag variety 

1.1. Notations. Let G be a complex semisimple simply-connected Lie group, H C 
B its Cartan and Borel subgroups, N the unipotent radical of B, Y the lattice 
of coroots of G (with respect to H), I the rank of Y, I = {ii,t2, ■ ■ - k} the set 
of simple coroots, R + the set of positive coroots, X the lattice of weights, X + 
the cone of dominant weights, £1 = {lji,u>2 ■ the set of fundamental weights 

((uik,ii) — Ski), B = G/B the flag variety and C a smooth projective curve of 
genus 0. Recall that there are canonical isomorphisms 

K 2 {B,Z)=Y K 2 (B,1,)=X. 

For A £ X let L> denote the corresponding G-equivariant line bundle on B. 
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The map <p : C — > B has degree a G N[I] C Y if the following equivalent 
conditions hold: 

1. <^([G])=a; 

2. for any A G X we have deg(c/?*L A ) = (A, a). 

We denote by Q a the space of algebraic maps from G to B of degree a. It 
is known that Q a is smooth variety and dim Q a = 2\a\ + dim£>. In this paper 
we compare two natural compactifications of the space Q ai which we presently 
describe. 

1.2. Drinfeld's compactification. The Plucker embedding of the flag variety B 
gives rise to the following interpretation of Q a . 

For any irreducible representation V\ (A G X + ) of G we consider the trivial 
vector bundle V\ = V\ <& 0c over C. 

For any G-morphism ^> : V\ — ► V„ we denote by the same letter the 
induced morphism ip : V\ ® V M — > V v . 

Then Q a is the space of collections of line subbundles £a C Va, A G X + such 
that: 

a) deg£ A = -(A, a); 

b) For any nonzero G-morphism ip : V\ — > V v such that v = A + /i we 
have ip{C\ ® £ M ) = 

c) For any G-morphism t/» : Vx ® — > such that i/ < A + // we have 
^(£ A O£ M ) = 0. 

Remark 1.2.1. Certainly, the property b) guarantees that in order to specify such 
a collection it suffices to give for the set f2 of fundamental weights. 

If we replace the curve G by a point, we get the Plucker description of the flag 
variety B as the space of collections of lines L\ C V\ satisfying conditions of type 

(b) and (c) (thus B is embedded into f| P(V\)). Here, a Borel subgroup B in 

\ex+ 

B corresponds to a system of lines (L\, A G X + ) if lines are the fixed points of the 
unipotent radical of B, L\ = (Va) , or equivalently, if N is the common stabilizer 
for all lines N = f) Gl a . 

ASX + 



The following definition in case G = SL 2 appeared in [Dri]. 

Definition 1.2.2 (V.Drinfeld). The space of quasimaps of degree a from C to 
B is the space of collections of invertible subsheaves C\ C Va, A G X + such that: 

a) deg£ A = —(A, a); 

b) For any nonzero G-morphism -0 : V\ — ► V v such that v = A + fj, we 
have ip(£.\ ® £ p ) = C v ; 

c) For any G-morphism t/j : V\ — > V v such that v < A + fj, we have 

Remark 1.2.3. Here is another version of the Definition, also due to V.Drinfeld. 
The principal afhne space A = G/N is an TJ-torsor over B. We consider its affine 
closure 21, that is, the spectrum of the ring of functions on A. The action of H 
extends to 21 but it is not free anymore. Consider the quotient stack B = 'Qi/H. 
The flag variety B is an open substack in B. A map <p : C — > B is nothing else 
than an iT-torsor $ over C along with an ii-equivariant morphism / : $ — > 21. The 
degree of this map is defined as follows. 
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Let xa : H — > C* be the character of H corresponding to a weight A G X. 
Let H\ C H be the kernel of the morphism Xx- Consider the induced C*-torsor 
$A = $/ H\ over C. The map 4> has degree a £ N[I] if 

for any X £ X we have deg($A) = (A, a). 



Definition 1.2.4. The space is the space of maps <j> : C — ► B of degree a such 
that the generic point of C maps into B C B. 

The equivalence of 1.2.2| and 1.2.4 follows immediately from the Pliicker embed- 
ding of 21 into JT V\- 

Proposition 1.2.5. is a projective variety. 

Proof. The space is naturally embedded into the space 



fc=i 



and is closed in it. 



□ 



1.3. The stratification of the Drinfeld's compactification. In this subsection 
we will introduce the stratification of the space of quasimaps. 
Configurations of /-colored divisors. 

N 

Let us fix a £ N[i] C Y, a — a kik- Consider the configuration space C a of 

k=l 

colored effective divisors of multidegree a (the set of colors is I) . The dimension of 

N 

C a is equal to the length \a\ — a k- 

k=l 

Multisubsets of a set S are defined as elements of some symmetric power S^™ 1 
and we denote the image of (si, . . . , s m ) £ S m by {{si, . . . , s m }}. We denote by 
r(a) the set of all partitions of a, i.e. multisubsets T — {{71, . . . ,7m}} of N[J] with 

m 

X) lr = a, 7 r > 0. 

r=l 

For r £ r(a) the corresponding stratum Cp is defined as follows. It is formed 
by configurations which can be subdivided into m groups of points, the r-th group 
containing "f r points; all the points in one group equal to each other, the different 
groups being disjoint. For example, the main diagonal in C a is the closed stratum 
given by partition a = a, while the complement to all diagonals in C' a is the open 
stratum given by partition 

JV 

a = ^ ( jfc + ik + ■ ■ ■ + ik) 

k—1 f 

(ik times 

Evidently, C a = \_\ Cf\ 

rerta) 

Normalization and defect of subsheaves. 

Let F be a vector bundle on the curve C and let E be a subsheaf in F. Let 
F/E = T(E) © L be the decomposition of the quotient sheaf F/E into the sum of 
its torsion subsheaf and a locally free sheaf, and let E = Ker(F — > L) be the kernel 
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of the natural map F —> L. Then E is a vector subbundle in F which contains E 
and has the following universal property: 

for any subbundle £ ' C F if £' contains E then £' contains also E. 

Moreover, rankS = rankS, E/E = T{E) and a(E) = Cx(E) + £(T(E)) (for any 
torsion sheaf on C we denote by £(T) its length). 

Definition 1.3.1. We will call E the normalization of E in F and T(E) the defect 
oiE. 

Remark 1.3.2. If E is the normalization of E in F then A k (E) is the normalization 
of A fc £' in A k F. 

For any a; G C and torsion sheaf T on C we will denote by £ x (T) the length of 
the localization of T in the point x. 

Definition 1.3.3. For any quasimap ip = (C\ C V\)\ e x+ £ Qa wc define the 
normalization of <£> as follows: 

<p = (£ A c V a ), 

and the defect of (/? as follows: 

de%) = (T(£ A )) 
(the defect of ip is a collection of torsion sheaves) . 



Proposition 1.3.4. For any ip G there exists f3 < a E N[J], partition T = 

r 



(71, . . . , 7 m ) € r(a — /?) cm<i a divisor D = 7 r a; r G Cp* sucft £/iat 



£ e Q/3 4(def(v?) A ) = 



(A,7 r ), ifx = x r 
0, otherwise 



Proof. Clear. □ 

Definition 1.3.5. The pair (/?, T) will be called the type of degeneration of ip. We 
denote by 2)/3,r the subspace of Q„ consisting of all quasimaps ip with the given 
type of degeneration. 

Remark 1.3.6. Note that 33 O ,0 = 2a- 
We have 

Qf= U (1) 

f3<a 

rer(a-0) 



The map d^r : 2)/3,r — » Q/3 x Cp 3 Q which sends 99 to (<p,D) (see 1.3.4 ) is an 
isomorphism. The inverse map <rpr can be constructed as follows. Let ip = (C\) G 
Qp. Then 

rn 

r=l 

where denotes the sheaf of ideals of the point x G C. 
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1.4. Laumon's compactification. Let V be an n-dimensional vector space. 
^From now on we will assume that G = SL(V) (in this case certainly I = n — 1). 
In this case there is the Grassmann embedding of the flag variety, namely 

B = {{U 1 ,U 2 ,...,U n -i)€G 1 (V)xG 2 (V)x---xG n - 1 (V) |^Cf/ 2 C-C t/ n _i}, 

where Gk(V) is the Grassmann variety of fc-dimensional subspaces in V. This 
embedding gives rise to another interpretation of Q a . 

n-l 

We will denote by V the trivial vector bundle V ® Oc over C . Let a = ai-ik, 

fe=i 

where if. is the simple coroot dual to the highest weight ujk of representation G in 
A k V. 

Then Q a is the space of complete flags of vector sub-bundles 

c £\ C £2 C • • • C E n -\ C V such that c\{£%) = —{ujk,a) = —a%. 



Definition 1.4.1 (Laumon, [Lau, 4.2]). The space Q„ of quasiflags of degree a is 
the space of complete flags of locally free subsheaves 

C Ei C E 2 C • • • C E n -i C V such that ci(E k ) = — (wj., a) = -a fe . 

It is known that Q„ is a smooth projective variety of dimension 2\a\ + dim£> 
(see loc. cit., Lemma 4.2.3). 

1.5. The stratification of the Laumon's compactification. There is a strat- 
ification of the space similar to the above stratification of Q„ . 

Definition 1.5.1. For any quasiflag E, = (Ei, . . . , E n -i) we define its normaliza- 
tion as 

E m = (Ei, . . . , E n -i), where E k is the normalization of E^ in V 
and defect 

def(£.) = (Ei/ Ei, . . .,£ n -i/£n-i) 
Thus, the defect of E, is a collection of torsion sheaves. 



Proposition 1.5.2. For any E, G <2„ there exist (3 < a G partition T = 

T 



(71, ... , 7„j) G r(a — /3) and a divisor D = 7 r a; r G C" ^ sucft i/iai 



r=l 



£. G Q p , 4(def(£ fe )) = 



(uj k ,j r ), ifx = x r 
0, otherwise 



Definition 1.5.3. The pair (/3, T) will be called the type of degeneration of E,. We 
denote by the subspace in consisting of all quasiflags E, with the given 
type of degeneration. 

Remark 1.5.4. Note that £ o ,0 = Q a - 
We have 

Q L a = U £ ^ (2) 
rer(a-/3) 
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1.6. The map from to Q®. Consider the map ir : — > which sends a 
quasiflag of degree a E, £ to a quasimap given by the collection (£ Ufc )5c=i ( see 
Remark pTO|) where C^ k = A k E k C A fe V = V Uk . 



Proposition 1.6.1. Let E, be a quasiflag of degree a and let {(3, T) be its type of 
degeneration. Then tt(E,) is a quasimap of degree a and its type of degeneration 
is(0,T). 

Proof. Obviously we have degC UJk — deg A k E k = c\{E k ) = —(u>k> a) which means 



that tt(E.) G Q%. According to the Remark |L3J, C Uk = A k E k (i.e. (C Uk ) G Qp), 
hence 



(E k /E k ). 



This proves the Proposition. 



(3) 
□ 



Rem ark 1 . 6.2. N ote that (||) implies that ir preserves not only (3 and T but also D 
(see DTI |1.5.2|). 



Recall that a proper birational map / : X — > y is called small if the following 
condition holds: let y m be the set of all points y G y such that dim/ _1 (j/) > m. 
Then for m > we have 



codim^m > 2m. 

Main Theorem. The map tt is a small resolution of singularities. 



(4) 



2. The fibers of 7r 



2.1. We fix £. G Qp, a partition T G T{a — (3), and a divisor D e C r 
(£.,£>) G Dp,r- We define F(£„D) as 7r _1 (£., D). 

Let -D = j j r x r . We define the space J-(£», D) of commutative diagrams 



Then 



£x 



£■2 



To 



f 



T n -i 



c) l x (T k ) 



such that 

a) e k is surjective, 

b) T k is torsion, 

(w fc ,7 r ), \fx = x r 
0, otherwise 

Lemma 2.1.1. We /iawe an isomorphism 

F(£.,D)=F(£.,D). 

Proof. If £. G F(£.,D) then by the |l.5.2j the collection (T x , . . . , T„_ x ) = def (£.) 
satisfies the above conditions. 

Vice versa, if the collection (Ti, . . . ,T k ) satisfies the above conditions, then con- 
sider 

E k = Kei{£ k ^ T k ). 
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Since the square 



C 6k + 1 rp 

Ok+l ► Jfc+1 



commutes, we can extend it to the commutative diagram 
> E k > £ k — ^— > T k 

! 



Ek+i 



c Ek + 1 m 

c-k+l ► Jfc+1 



The induced morphism E k — > E k+ \ is injective because £ k — * £ k +i is, and 
Cl (E k ) = c x (£ k ) - £(T k ) = -(u k) £ cc(T k ) = 



■(oJk,P) - ^(^fc,7r) = -(wk,/3 + (a - /?)) = -(aj k ,a) 



r=l 



This means that E, G F(£,,D) 



□ 



Proposition 2.1.2. If D = ~fr%r is a decomposition into disjoint divisors then 



r=l 



F(£.,D) ^Y[F(£., lr x r ). 



(5) 



r=l 



Proof. Recall that if T is a torsion sheaf on the curve C then 

T=0T x , 

sec 

wher e T x is the localization of T in the point x. This remark together with Lemma 
[2.1.l| proves the Proposition. □ 
The above Proposition implies, that in order to describe general fiber F(£,,D) 
it is enough to have a description of the fibers F{£,,^x), which we will call simple 
fibers. 

2.2. The stratification of a simple fiber. We will need the following obvious 
Lemma. 

Lemma 2.2.1. Let £ be a vector bundle on C . Let £' C £ be a vector subbundle, 
and let E C £ be a ( necessarily locally free ) subsheaf. Then E' = £' (~l E is a vector 
subbundle in E. 

Moreover, the commutative square 



E' 



-> E 



£' ► £ 
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can be extended to the commutative diagram 

E' ► B > E/E' 



£/£' 



£'/E' 



e/E 



£/E _ £/£' 



S'/E' E/E 1 

in which both the rows and the columns form the short exact sequences. 

The sheaf in the lower-right corner of the diagram will be called cointer section 
of E and £' inside £ and denoted by V ' s (E, £'). 
Let 

n-l 
7 = X! Ckik ' 



k=l 



For every B. G F(£ m ,"/x) we define 



V pq {E,) = I 



E p n £ q 



(1 < q <P< n- 1), 



Vpq(E,) 



(jtp q (E.) — fjtp+i, q (E.), iil<q<p<n-l 



(6) 
(7) 



K pq{E») 



v pq {E,) - v p . q -i(E.), M\<q<p<n—1 
v pq (E,), iil=q<p<n-l 



(8) 



Remark 2.2.2. The transformations (0) and @ are invertible, so the numbers fj, pq 
can be uniquely reconstructed from v pq or n pq . Namely, 

q n—1 

Vpq — ^ ^ ^prj f^pq — ^ ^ Vsq — ^ ^ ^sr- (9) 



r=l 



r<q<p<s 



Lemma 2.2.3. FFe /lave 



Vpq{E,) = I 



£q n -Ep+i 

£q -Bp 



^pq 

Proof. The commutative diagram with exact rows 







£ g n E p 



£ a 



£„ 



£q n Bp 



(10) 

(11) 
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and apply Lemma 2.2.1 and (|l(i|). □ 

Corollary 2.2.4. Numbers p pq , v pq and n pq satisfy the following inequalities: 

< K pq (12) 
< Vpl < v P 2 < ■ ■ ■ < v pp (13) 

< /in-1,9 < M«-2,g < ' ■ ' < H qq = C q . (14) 



Proof. See (pi]) , (p|) , (f7|) and compare the definition of /j, qq with 2.1.1. □ 
We will denote by [p, q) the positive coroot 



lp, q ] d = f ir lk eR + (15) 

k— q 

Lemma 2.2.5. For any E m 6 F(£ m ^x) we have 

l<q<p<n— 1 

Proof. Applying (§), (|l5|) and (|) we get 

Y Kpq\P,q]= Y i V P1 ~ V P,q-l)\P^\ = 
1 1 < t/ < p < n — 1 

n—l/n—1 \ n—1 

= Y vpq(\p,<i\-\p,<i+ 1 ]) = Y v Pi i i^Y\Y v Pi) i <i = Y^ii i i- 

l<g<p<n— 1 l< q <p<n— 1 q— 1 \p— g / q— 1 

Now Lemma follows from (|l4|). □ 

Let ^(7) be the set of all partitions of 7 6 N[I] into the sum of positive coroots: 
t 

7 = $s, where 8 S 6 i? + (note that £(7) 7^ T(7))- In other words, since every 

s=l 

positive coroot for G = SL(V) is equal to [p, q] for some p, q, 

£(7) = {{K pq )i< q <p<n-i I K pq > and ^ K pq [p, q] = 7}. 

l<g<p<7l— 1 

Let 9Jl(7) denote the set of all collections {p pq ) which can be produced from some 
(n pq ) £ £(7) a s in (P ). 

The Lemma p . 2 . 5| implies that for any S F(£., 7a;) we have (n pq (E m )) S 9Jl(7). 
Define the stratum 6((^ P9 )i< 9 < p <, i _i, (£fc))J=i) a s follows: 

6((Mp«)i<g<p<n-i 5 (£fc)fc=i) = i E » e F{E»>~fn) I Vpq{ E *) = MpJ- 

To unburden the notations in the cases when it is clear which flag £ m is used we 
will write just S M . We have obviously 

F(£., 1 x)= □ 6„. (16) 

M GOT( 7 ) 

Remark 2.2.6. We will also use the similar varieties &{{fJ, pq )i< q < p <N, (£k)k=i) that 
can be defined in the same way for any short flag (£fc)jtLi (that is the flag of 
subbundles £\ C • • • C £n C V with rank£fc = k). 
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2.3. The strata 6 M . In order to study S M we will introduce some more varieties. 
For every 1 < TV < n — 1, a short flag of subbundles (£k)k=i ( see Remark 2.2.6 ) 



and a collection of numbers {vk)^ = i such that < v\ < ■ • • < vn, we define the 
space Z({vk)^ =1 , {£k)k=i) as follows: 

T((rf=i, Vk)Li) ={EC£ N \ rank(S) = N and I (^^) - *k} ^ 

We define pseudoaffine spaces by induction in dimension. First, the affine line 
A 1 is a pseudoaffine space. Now a space A is called pseudoaffine if it admits a 
fibration A —> B with pseudoaffine fibers and pseudoaffine B. 

N-l 

Theorem 2.3.1. The space1,{(vk)^ =11 {£k)k=i) is pseudoaffine of dimension J^ffc. 

k=\ 

Proof. We use induction in N. The case N = 1 is trivial. There is only one 
subsheaf E in the line bundle £\ with £(£i/E) = v\, namely E = m^ 1 • £\. This 
means that %{yi, £\) is a point and the base of induction follows. 
If N > 1 then consider the map 

r : 1((vk)Lx, - *(("fe)£=i\ (£ k &, 

which sends E 6 1(K)f =1 , (flOkU) to£' = £n £jv-i e X((n)£i\ (ffc)^ 1 ). 



Lemma 2.3.2. Let L = xn x N " N - 1 
there is an isomorphism 

t- 1 (E') = Hom(L, £ N -i/E') = A^-i/ B ') = A"*- 1 . 

Thus, the space X((i/fc)fcLn (£fc)fcLi) IS affine fibration over a pseudoaffine space, 
hence it is pseudoaffine and its dimension is equal to 

JV-2 JV-1 

dim (TCK)^ 1 , + v N -i = + ^-i = E 

fc=i fc=i 

The Theorem is proved. □ 
Proof of Le mma |2.3.2| . Let E e r _1 (£"). Since E' — E n £at_i we can apply 



Lemma 2.2.1 which gives the following commutative diagram: 
E' > E > L 



1 



£jv-i > £w ► £n/£. 



N-l 



Tpf-i > Tjv > Tjy/Tjy-i 

(Note that since £ N /£ N -l is a line bundle and £(T N /T N -i) = £(T N ) - £(T N -i) = 
i/n—vn—i the kernel of natural map £jv / '£n—i Tn/Tn-i is isomorphic to L.) Let 
£w = ip (L). Then i? is contained in £n and we have the following commutative 
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diagram: 

E' ► E 



-N-l > t-iV 



Tn-i ^=^= Tff-i 

This means that the points of t~ 1 (E') arc in one-to-one correspondence with maps 
e : £n — > Tjv-i such that e ■ j is equal to the canonical projection from £n-i to 
Tjv-i. Applying the functor Hom(», T/v-i) to the middle row of the above diagram 
we get an exact sequence: 

-» Hom(L,Tjv-i) Hom(fjv, Tjv-i) ^ Hom^jv-i, Tjv_i) -> Ext 1 (L, T/v-i). 

The last term in this sequence is zero because L is locally free and Tat_i is torsion. 
This means that the space of maps e which we need to describe is a torsor over the 
group Hom(L, Tjv-i). Hence this space can be identified with the group. Thus, we 
have proved that t^ 1 (E') = Hom(L, Tjv-i) is an affine space. 
Now, 

dim^" 1 (£')) = dimHom(L,rjv-i) = dimH°(TAr_i) = £(T N _t) = v N ^. 
The Lemma is proved. □ 

Theorem 2.3.3. The space &((/J,pq)i< q <p<N , {£k)k=\) * s a pseudoaffine space of 
dimension fi 2 i + M32 + h Ma,a-i- 

Proof. We use induction in N. If JV = 1 then S M is a point and the base of 
induction follows. 

If N > 1 consider the map 

a : e((n pq )i< q < p <N, (£k)k=i) ^((MA,fe)f = i, {£k)k=i)i 
which sends (£'fe)^L 1 to 7?7v C £at- 

Lemma 2.3.4. Lef 7? G T((^iv,fc)fcUi (^fe)fcLi)- Consider £ k = £ k D E (1 < fc < 
A — 1) and set // p9 = [i pq — (i^q (1 < q <p < N — 1). TTien (^fc)^ 1 is a s/iort 
/lag of subbundles and for any E <G £((MiV,fc)fcLii (£fc)fcLi 

0--HE) = &{{~H pq )i< q < P <N-i), (18) 

Thus S((/Up 9 )i< 9 <p<7v, (£fc)fcLi) is a fiber space with pseudoaffine base and fiber, 
therefore it is pseudoaffine. 

Now, the calculation of the dimension 

JV-l N-2 

dim (&{{fipq)i< g < P <N, (£ k )k=i)) = ^2 ^ N - k + ^2 P>k+i,k = 

fc=i fe=i 

AT-l JV-2 JV-2 JV-1 

= ^ MA : /c + ^ (Pk+l,k - HN,k) = ^N,N-1 + Mfe+l,fc = 51 Mfe+l,fci 

fe=l fc=l fc=l fc=l 

finishes the proof of the Theorem. □ 
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Proof of Lemma 2.3.4. Assume that E S M and En — E. The commu- 

tative diagram 







£q Ep 



£ q nE 



£ q n -Bp 



£ q nE 



o 



implies that 
/ 



£ q DE 

£ q n i? p 



= Z 



£ 9 n Bp 



- z 



(19) 



hence e © A . 

Vice versa, if (Ek)^Si £ &fi then the above commutative diagram along with 
L9|) implies that {Ek)^ =1 E 6 M , where we have put Bjv = E. □ 



2.4. The cohomology of the simple fiber. Now we will compute the dimension 
of the strata 6^ in terms of the partition k. 

Definition 2.4.1. A space X is called cellular if it admits a stratification with 
pseudoaffine strata. 

Suppose X — |J S% is a pseudoaffine stratification of a cellular space X. For a 
positive integer j we define x(j) == f {£ E S | dimS^ = j}. 

Lemma 2.4.2. The Hodge structure H"(Af, Q) is a direct sum of Tate structures, 
and appears with multiplicity x{j)- ^ n other words, 



H°(X, 5 

Proof. Evident. 

Given a Tate structure Ti — 0j<= 



□ 



x ^ we consider a generating function 
P(n,t) = ^2x(j)t j 6N[t], 



def 



For k E ^(7) we define if (fc) == k P9 as the number of summands 

l<g<p<n-l 

in the partition k. For 7 E N[/] the following q-analog of the Kostant's partition 
function was was introduced in [Lus]: 



(20) 



Lemma 2.4.3. Let k E £(7) and fi E 371(7) ^ e defined as in (§). TTien 

n-2 

dim6 /t = 53A*fc+i,fc = l7|--K'('s). ( 21 ) 



fc=i 



LAUMON'S RESOLUTION OF DRINFELD'S COMPACTIFICATION IS SMALL 
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Proof. Applying (||) we get 

n-2 n—2 ( 

^Mfc + i,fc = 5^ J2 



k=l 



k=l 



l<q<k 
\k+l<p<n-l 



\<q<p<n-l 



(|[P>?]| - l ) K P<l = \l\ ~ Y K Pq = \l\- K ( K )- 
1 <g<p<n— 1 l<q<p<n—l 

□ 

Corollary 2.4.4. For any 7 <E N[i], x £ C, the simple fiber F(£ m , jx) is a cellular 
space, and the generating function of its cohomology is equal to the Lusztig-Kostant 
polynomial 

P(K'(F(£. n x)),t)=lC^t). 



Proof. Apply (|T|), ^3^ , |2~4~2] and|X|. 



Corollary 2.4.5. Let D = £ lrX r £ C 



a-0 



□ 



TTie /i&er F(£ m , D) is a cellular space 



P(t?(F(£.,D)),t) = K r = UlCyM 
Proof. Apply |2~T~2] p~2| and $AA . 



r=l 



(22) 
□ 



Lemma 2.4.6. Let D = ^ 7 r a: r . We /iawe 



dimF(£.,L>) < 



TO. 



Proof. Note that for any k £ Rj^fr) we have K(k) > 1, hence deg/C 7r 
Now, the Lemma follows from 2.4.5. 



< |7r| - 1- 
□ 

Proof of Main Theorem. Consider the stratum Qpx of ■ I ts dim ension 
is 2 1/3 1 + dimS + to and codimension is 2\a — f3\ — to. The Lemma 2.4.6 implies 
that the dimension of the fiber of 7r over the stratum 2)/3,r is less than or equal to 
|a — (3\ — to, which is strictly less then the half codimension of the stratum. □ 

2.5. Applications. Let Q denote the smooth constant Hodge irreducible module 
on (as a constructible complex it lives in cohomological degree — 2|oj| — dimS). 
Let IC denote the minimal extension of a smooth constant irreducible Hodge mod- 
ule from Q a to Q^. It is well known that the smallness of n implies the following 
corollary. 



Corollary 2.5.1. 



Now we can compute the stalks of IC as cohomology of fibers of it: for ip £ 
we have 

iq v) = h*(tt-V),Q) 

as graded Hodge structures. 
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Corollary 2.5.2 (Parity vanishing) . 

ICf = if j — dim B is odd. 



Proof. Use 2.4.5 



□ 



Corollary 2.5.3. For tp G S«r we have 



IC 



-2|a|-dimB+2j" 



tr(j) 



where tr(j) is the coefficient of P in &r(t). 



[Dri] 



[Giv] 
[Kon] 



[Lau] 
[Lus] 
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